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FIG. 1: Fourier transform of the survival probability P() for
dierent values of ~ in the case A = 0,  = 2. The dashed






















































can be interpreted as a phase-space probability distri-















In these expressions ~ is the adimensional rescaled Planck
constant, which vanishes when, for instance, the mass m
of the system is taken larger and larger.
Instead of considering the evolution of a specic ob-
servable, we study the simpler survival probability
P(t) = jh (0)j (t)ij
2
; (5)
which contains the same gross dynamical information. In







i; n = 0; 1; 2; : : : ; (6)
































= 0 for k odd, due to the symmetry of the system
and of the initial wavefunction.
































corresponding to the min-
imal frequency 
E
in the double-well case  = 1,  = 2 for
~ = 10
 2





) = (0; 0).
By using semiclassical and numerical techniques, we




















for suÆciently small values of ~ is characterized by a gap,
large with respect to the typical level spacing, between









































































































. The behavior of
























as a function of "
n
=~
for ~ = 10
 3
in the double-well cases  = 1,  = 2 (),  = 2,
 = 4 (2), and  = 3,  = 6 (3).
is shown in Fig. 1 in the case  = 2. We see that for ~! 0































and n(") is obtained by inverting
" = "
n








is the Bessel function of zero-th order. Fig-
ure 1 also shows the presence of the gap at  = 0 and its





creases by increasing n, the Ehrenfest frequency (9) turns















We now consider double-well systems, i. e., the case
A =  1. For these systems, the standard WKB ap-
proximation fails near the unstable equilibrium point at
energy " = 0. Only in the particular case  = 1, a reg-
ularized semiclassical approximation has been developed
















































FIG. 4: Fourier transform of the survival probability P() for
dierent values of ~ in the double-well case  = 1,  = 2.
For the associated eigenfunctions only microlocal expres-
sions are available [10] which do not allow for a direct





this reason, in all cases   1 we determine numerically
the eigenvalues and eigenfunctions of the system. With
standard numerical techniques, this represents an unsur-
mountable task since the interesting eigenstates, namely
those close to energy " = 0, have a quantum number n
which diverges quickly for ~ ! 0. We bypass the prob-
lem by using the algorithm [12] which allows to evalu-
ate selected eigenstates having a very large number of
nodes. In Fig. 2 we show, as an example, the couple of
even eigenfunctions with energy closest to " = 0 in the
double-well case  = 1,  = 2 evaluated for ~ = 10
 2
.
Note that, already for this still relatively large value of
~, the corresponding quantum number is n  40. In our
numerical calculations we go beyond n  10
4
.
In Fig. 3 we show the superposition coeÆcients eval-
uated for dierent double-well systems for ~ = 10
 3
.




decreases exponentially departing from





follow approximately the same exponential
behavior as a function of j"
n
j=~ and become denser and
denser.
The Fourier transform of the survival probability (8) is
determined by using the eigenvalues and the superposi-
tion coeÆcients obtained numerically. In Fig. 4 we show
P() in the case  = 1,  = 2 for dierent values of
~. As in the single-well case, at  = 0 we have a gap
whose width shrinks as ~ ! 0. The width of this gap,
namely the Ehrenfest frequency, is yielded by a couple of
even consecutive eigenvalues, close to the energy " = 0 of
the classical equilibrium point. This can be understood
roughly in the following way. Consider the number of
states, N
"
, in the energy range [" ~; "+~]. The frequen-
cies associated to the eigenvalues in this energy range are
























FIG. 5: Inverse of the Ehrenfest frequency, 
 1
E
, as a function
of ~ in the double-well cases  = 1,  = 2 (),  = 2,  = 4
(2), and  = 3,  = 6 (3). The solid line is the regularized
WKB prediction based on (16-17), while the dashed and dot-




, so that, in the limit ~! 0,  vanishes ifN
"
di-
verges. According to Weyl formula,N
"
is proportional to
the classical phase-space volume bounded by the energy
shells H(p; q) = " ~. This volume can be evaluated ex-
actly in terms of simple functions in the single-well case
and in terms of special functions for double-well systems.
In all cases, we have that N
"
diverges when ~ ! 0 only
for " = 0. In the double-well systems, for  = 1,  = 2
the couple of closest eigenvalues has energies of opposite
sign, as shown in Fig. 2. For  > 1 these eigenvalues are
both positive if ~ is suÆciently small.
The scaling of 
 1
E
with ~ is shown in Fig. 5 for dif-
ferent double-well systems. The plotted points are calcu-
lated using the numerically determined spectrum while
the solid line represents the inverse of the Ehrenfest fre-
quency as determined by using the quantization condi-
tion (16-17). The Ehrenfest time increases logarithmi-
cally with ~
 1
only in the case  = 1,  = 2, i. e., when
the equilibrium point is exponentially unstable. In all








This is the same scaling law which we would obtain, as
described by Eq. (15), in the case of a single-well poten-
tial V (q) = q
2
=(2). This fact can be understood in the
following way. For ~! 0, the discrete eigenvalues of the
double-well above " = 0 correspond to the energies of the
continuous spectrum of the barrier  q
2
=(2) at which
the transmission coeÆcient is maximum. According to
WKB approximation, these resonances of the continuous
spectrum in turn coincide with the energies of the bound
states of the corresponding conning inverted potential.
In conclusion, we have shown that the presence of iso-
lated exponentially unstable orbits is suÆcient to break
the quantum-classical correspondence at a time scale log-
arithmic in ~
 1
. This feature may be relevant in all meso-
scopic systems which are modeled by one-dimensional
multi-well Hamiltonians [13, 14]. In these systems the
Ehrenfest time behavior is related to experimentally de-
tectable properties as the classical to quantum crossover
of the shot noise [15].
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, where  is an arbi-
trary time scale unit. In the double-well case, A <
0, we have " ! " ( A)
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